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Abstract

We describe some of the nite element methods we developed in recent years for computation
of ow problems with moving boundaries and interfaces. The methods developed are categorized
into two classes: interface-tracking and interface-capturing techniques. Both classes of techniques
are based on stabilized formulations, and determination of the stabilization parameters used in
these formulations is also described. The interface-tracking techniques are based on the Deforming-
Spatial-Domain/Stabilized Space{Time (DSD/SST) formulation, where the mesh moves to track the
interface. The interface-capturing techniques were developed for two- uid ows. They are based
on the stabilized formulation, over typically non-moving meshes, of both the ow equations and
an advection equation. The advection equation governs the time-evolution of an interface function
marking the interface location. In addition, we describe some of the methods we developed for the
purpose of increasing the scope and accuracy of these two classes of techniques.

I. Introduction

In computation of ow problems with moving boundaries and interfaces, depending on the problem,
we can use an interface-tracking or interface-capturing technique. An interface-tracking technique
requires meshes that \track™ the interfaces. The mesh needs to be updated as the ow evolves.
In an interface-capturing technique for two- uid ows, the computations are based on xed spatial
domains, where an interface function, marking the location of the interface, needs to be computed
to \capture” the interface. The interface is captured within the resolution of the nite element mesh
covering the area where the interface is. This approach can be seen as a special case of interface
representation techniques where the interface is somehow represented over a non-moving uid mesh,
the main point being that the uid mesh does not move to track the interfaces. A consequence of
the mesh not moving to track the interface is that for uid-solid interfaces, independent of how well
the interface geometry is represented, the resolution of the boundary layer will be limited by the
resolution of the uid mesh where the interface is.

The interface-tracking and interface-capturing techniques we have developed in recent years (see [1],
[2], [3], [4], [5], [6]) are based on stabilized formulations. The stabilized methods are the streamline-
upwind/Petrov-Galerkin (SUPG) [7], [8], [9], [10] and pressure-stabilizing/Petrov-Galerkin (PSPG) [1]
formulations. An earlier version of the pressure-stabilizing formulation for Stokes ows was reported
in [11]. These stabilized formulations prevent numerical oscillations and other instabilities in solving
problems with high Reynolds and/or Mach numbers and shocks and strong boundary layers, as well
as when using equal-order interpolation functions for velocity and pressure and other unknowns. Fur-
thermore, this class of stabilized formulations substantially improve the convergence rate in iterative
solution of the large, coupled nonlinear equation system that needs to be solved at every time step of
a ow computation. Such nonlinear systems are typically solved with the Newton{Raphson method,
which involves, at its every iteration step, solution of a large, coupled linear equation system. It
is in iterative solution of such linear equation systems that using a good stabilized method makes
substantial di erence in convergence, and this was pointed out in [12].
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In these stabilized formulations, judicious selection of the stabilization parameter, which is almost
always known as \ ", plays an important role in determining the accuracy of the formulation. This
stabilization parameter involves a measure of the local length scale (also known as \element length™)
and other parameters such as the local Reynolds and Courant numbers. Various element lengths and

s were proposed starting with those in [7], [9], [10], followed by the one introduced in [13], and those
proposed in the subsequently reported SUPG and PSPG methods. A number of s, dependent upon
spatial and temporal discretizations, were introduced and tested in [14]. More recently, s which are
applicable to higher-order elements were proposed in [15]. Ways to calculate s from the element-
level matrices and vectors were rst introduced in [16]. These new de nitions are expressed in terms
of the ratios of the norms of the relevant matrices or vectors. They take into account the local
length scales, advection eld and the element-level Reynolds number. Based on these de nitions, a

can be calculated for each element, or even for each element node or degree of freedom or element
equation. Certain variations and complements of these new s were described in [17], [4], [18], [19],
[20]. In later sections, we will describe, for the semi-discrete and space{time formulations of the
advection{di usion equation and the Navier{Stokes equations of incompressible ows, some of these
new ways of calculating the stabilization parameters. These stabilization parameters are based on
the local length scales for the advection- and di usion-dominated limits.

The Deforming-Spatial-Domain/Stabilized Space{Time (DSD/SST) formulation [1], developed for
moving boundaries and interfaces, is an interface-tracking technique, where the nite element formu-
lation of the problem is written over its space{time domain. At each time step the locations of the
interfaces are calculated as part of the overall solution. As the spatial domain occupied by the uid
changes its shape in time, the mesh needs to be updated. In general, this is accomplished by moving
the mesh with the motion of the nodes governed by the equations of elasticity, and full or partial
remeshing (i.e., generating a new set of elements, and sometimes also a new set of nodes) as needed.
The stabilized space{time formulations were used earlier by other researchers to solve problems with

xed spatial domains (see for example [21]).

In computation of two- uid ows with interface-tracking techniques, sometimes the interface might
be too complex or unsteady to track while keeping the frequency of remeshing at an acceptable level.
Not being able to reduce the frequency of remeshing in 3D might introduce overwhelming mesh
generation and projection costs, making the computations with the interface-tracking technique
no longer feasible. In such cases, interface-capturing techniques, which do not normally require
costly mesh update steps, could be used with the understanding that the interface will not be
represented as accurately as we would have with an interface-tracking technique. Because they do
not require mesh update, the interface-capturing techniques are more exible than the interface-
tracking techniques. However, for comparable levels of spatial discretization, interface-capturing
methods yield less accurate representation of the interface. These methods can be used as practical
alternatives in carrying out the simulations when compromising the accurate representation of the
interfaces becomes less of a concern than facing major di culties in updating the mesh to track such
interfaces. The need to increase the accuracy of our interface-capturing techniques without adding
a major computational cost lead us to seeking techniques with a di erent kind of \tracking”. The
Enhanced-Discretization Interface-Capturing Technique (EDICT) was rst introduced in [22], [23]
to increase accuracy in representing an interface.

In Section Il we describe the governing equations, and in Section 111 we summarize the stabilized
semi-discrete formulations for the advection{di usion equation and the Navier{Stokes equations of
incompressible ows. The DSD/SST formulation is brie y described in Section 1V. Some of the
ways for de ning the stabilization parameters and discontinuity-capturing terms are described in
Sections V, VI, and VII. Mesh update techniques to be used in conjunction with the DSD/SST
formulation are reviewed in Section VII1. The Fluid{Object Interactions Subcomputation Technique
(FOIST), which was formulated for e cient computation of some special cases of uid{object inter-
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actions, is described in Section IX. The EDICT and its extensions and o shoots are described in Sec-
tions X and XI. The extensions and o shoots of EDICT include the Enhanced-Discretization Mesh
Re nement Technique (EDMRT) and Enhanced-Discretization Space{Time Technique (EDSTT).
In Section XI1I we describe the Mixed Interface-Tracking/Interface-Capturing Technique (MITICT),
which we propose for computation of ow problems that involve both interfaces that can be accu-
rately tracked with a moving mesh method and interfaces that are too complex or unsteady to be
tracked and therefore require an interface-capturing technique. The Edge-Tracked Interface Locator
Technique (ETILT), which was proposed to enable interface-capturing techniques to have better vol-
ume conservation and yield sharper representation of the interfaces, is described in Section XIII. In
Section X1V we describe the Line-Tracked Interface Update Technique (LTIUT), which was proposed
as a stabilized formulation for the time-integration of the interface update equation in conjunction
with the DSD/SST formulation. Section XV consists of a summary of the basic iterative solution
techniques that were developed for solving the large, coupled nonlinear equation systems that need
to be solved at every time step of a computation. In Section XVI we describe the Enhanced-Iteration
Nonlinear Solution Technique (EINST) and the Enhanced-Approximation Linear Solution Technique
(EALST). These were developed to increase the performance of the iterative techniques used in so-
lution of the nonlinear and linear equation systems when some parts of the computational domain
may o er more of a challenge for the iterative method than the others. The Mixed Element-Matrix-
Based/Element-Vector-Based Computation Technique (MMVCT), which was proposed to improve
the e ectiveness of the iterative solution techniques for coupled problems (such as uid{structure in-
teractions), is described in Section XVII. In Section XVIII we describe the Enhanced-Discretization
Successive Update Method (EDSUM), which was proposed as an e cient iterative technique for
solution of linear equation systems in multi-scale computations. The concluding remarks are given
in Section XIX.

1. GOVERNING EQUATIONS

Let { R"s« be the spatial uid mechanics domain with boundary ¢ at time t 2 (0;T), where
the subscript t indicates the time-dependence of the spatial domain. The Navier{Stokes equations
of incompressible ows can be written on {and 8t 2 (0;T) as

(%—l:+u ru f) r =0; (D
r u =0 (2)

where , u and f are the density, velocity and the external force, respectively. The stress tensor is
de ned as

(p;u) = pl+2 "(u): (3)
Here p is the pressure, | is the identity tensor, = is the viscosity, is the kinematic viscosity,
and "(u) is the strain-rate tensor:
n 1
(u) = ((ru) + (ru)’): (4)

The essential and natural boundary conditions for Eq. (1) are represented as
u=gon( t)g N =hon( o Q)

where ( ¢)g and ( ) are complementary subsets of the boundary ¢, n is the unit normal vector,
and g and h are given functions. A divergence-free velocity eld uy(x) is speci ed as the initial
condition.
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If there are no moving boundaries or interfaces, the spatial domain does not need to change with
respect to time, and the subscript t can be dropped from and . This might be the case even for
ows with moving boundaries and interfaces, if the formulation is not based on de nining the spatial
domain to be the part of the space occupied by the uid(s). For example, uid{ uid interfaces can
be modeled over a xed spatial domain by assuming that the domain is occupied by two immiscible
uids, A and B, with densities A and g and viscosities A and g. In this approach, a free-surface
problem can be modeled as a special case where Fluid B is irrelevant and assigned a su ciently low
density. An interface function serves as the marker identifying Fluid A and B with the de nition
= f1 for Fluid A and 0 for Fluid Bg. The interface between the two uids is approximated to be
at = 0:5. In this context, and are de ned as

= aA+( ) B) = aAt+( ) B! (6)

The evolution of the interface function , and consequently the motion of the interface, is governed
by a time-dependent advection equation, written on and 8t 2 (0;T) as

@
—+u r =0 7
s )
To generalize Eq. (7), let us consider the following time-dependent advection{di usion equation,
writtenon and 8t2 (0;T) as

@@—t+ur r (r)=0; (8)
where  represents the quantity being transported (e.g., temperature, concentration), and is the
di usivity. The essential and natural boundary conditions associated with Eq. (8) are represented as

=gon g n r =hon . ()]
A function (X) is speci ed as the initial condition.

I11. STABILIZED SEMI-DISCRETE FORMULATIONS
A. Advection{di usion equation

Let us assume that we have constructed some suitably-de ned nite-dimensional trial solution and
test function spaces S" and V. The stabilized nite element formulation of Eqg. (8) can then be

written as follows: nd " 2 S" such that 8wh 2 vh:

z - z z
wh ﬁ+uh r"d+ rw rhod wh"d
3’ 0" ’
+ s rwh E+uh r" r r" d =o: (10)
e=1 ©

Here ng is the number of elements, € is the domain for element e, and ¢ IS the SUPG stabilization
parameter. For various ways of calculating sues, See [16], [17], [4], [18], [19], [20].
B. Navier{Stokes equations of incompressible ows

Given Egs. (1){(2), let us assume that we have some suitably-de ned nite-dimensional trial
solution and test function spaces for velocity and pressure: S/}, V{}, S and V' = S} The stabilized
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nite element formulation of Egs. (1){(2) can then be written as follows: nd u" 2 S} and p" 2 S}
such that 8w" 2 V{} and g" 2 V}:

yA auh Z Z
w" ﬁmh ru” " d + "(w"): (p"u")d w" hd
Z s Z . "
+ th ud + —[ surc u rwh + Psperqh] L(ph;uh) " d
e=1 €
XZ
+ Lsicl whr u'd =0 (11)
e=1 €
where
ow" h h h. (x,h
L@hwh = o+ ' @w): (12)

Here ,spe and g are the PSPG and LSIC (least-squares on incompressibility constraint) stabi-
lization parameters. For various ways of calculating »s.c and s, See [16], [17], [4], [18], [19],
[20].

IV. DSD/SST FINITE ELEMENT FORMULATION

In the DSD/SST method [1], the nite element formulation of the governing equations is written
over a sequence of N space{time slabs Q,, where Q,, is the slice of the space{time domain between the
time levels t, and t,+1. At each time step, the integrations involved in the nite element formulation
are performed over Q,,. The space{time nite element interpolation functions are continuous within
a space{time slab, but discontinuous from one space{time slab to another. The notation (), and ()}
denotes the function values at t, as approached from below and above. Each Q,, is decomposed into
elements Qg, where e = 1;2;:::; (Ne)n. The subscript n used with n, is for the general case in which
the number of space{time elements may change from one space{time slab to another. The Dirichlet-
and Neumann-type boundary conditions are enforced over (Pn)q and (Pn)n, the complementary
subsets of the lateral boundary of the space{time slab. The nite element trial function spaces (S
for velocity and (S])n for pressure, and the test function spaces (V|}), and (V) = (S))n are de ned
by using, over Q,, rst-order polynomials in both space and time. The DSD/SST formulation [1],
[18], [19] is written as follows: given (u"),, nd u" 2 (S}}), and p" 2 (S}), such that 8w" 2 (V{}),
and q" 2 (V)n:

z ouh Z
who S Ut oed® o ) (puMdQ
ZQn Z Z Qn
wh h'dP + ' udQ e+ wh)y W)y M), d

(Pn)h Qn n
(pgn £ h

+ E SUPG @W +uh rWh + psperqh L(ph;uh) fh dQ
e=1_ QR @t
xZ

+ Lacr W' r u"dQ =0: (13)
e=1 QR

This formulation is applied to all space{time slabs Qo; Q1;Q2;:::;Qn 1, starting with (u"), = uj.

For an earlier, detailed reference on the DSD/SST formulation see [1].



Similarly, the DSD/SST formulation of Eq. (8) can be written as follows:

Z h Z
wh = —+u'r " dQ+ rw" r "dQ
ZQn ot 7 Qn
wthdP +  (why (My (M), d
(Prn n
(an @Wh h
+ supe o+ u rw" ~——+u" rh" r r" dQ =0: (14)

e=1 QA @t @t

V. CALCULATION OF THE STABILIZATION PARAMETERS FOR
INCOMPRESSIBLE FLOWS

Various ways of calculating the stabilization parameters for incompressible ows were covered
earlier in detail in [16], [17], [4], [18], [19], [20]. In this section we focus on the versions of the
stabilization parameters ( s) denoted by the subscript uen, Nnamely the UGN/RGN-based stabilization
parameters. For this purpose, we rst de ne the unit vectors s and r:

uh

s = —kuhk; (15)
rkuk

f = Krkukk ' (16)

where, for the advection{di usion equation, in Eq. (16) we replace ku"k with j "j.
We de ne the components of ( sups)usn COrresponding to the advection-, transient- and di usion-
dominated limits as follows:
|

D( 1

SUGN1 — juh rNaj ; (17)
a=1
t

sugN2 — 7; (18)
h2

SUGN3 — ZGN ; (19)

where nen, is the number of element nodes and N, is the interpolation function associated with node
a, and the \element length" hxg, is de ned as
LI
P
hren = 2 jr rNyj : (20)

a=1
Based on Eq. (17), we de ne the \element length™ hg, as
hUGN = 2kuhk SUGN1 (21)

Although writing a direct expression for s gn: @s given by Eq. (17) was pointed out in [18], [19], [20],
the element length de nition one obtains by combining Eq. (17) and Eq. (21) was rst introduced (as
a direct expression for hygy) in [13]. The expression for hggy as given by Eq. (20) was rst introduced
in [17]. We note that hygy and hgey can be viewed as the local length scales corresponding to the
advection- and di usion-dominated limits, respectively.



We now de ne ( surc)uen: ( pspe)usn: @aNd ( Lsic)uen @s follows:

1

1 1 1 r
( supc)uen = r + r + r ; (22)

SUGN1 SUGN2 SUGN3
( PSPG)UGN = ( SUPG)UGN; (23)
2

( LSIC)UGN = ( SUPG)UGN kuhk ' (24)
Eq. (22) is based on the inverse of ( sups)usn D€ING de ned as the r-norm of the vector with compo-
nents —L—, —-— and —.—. \We note that the higher the integer r is, the sharper the switching

between <ucnis susnz @Nd  suens Decomes. This \r-switch™ was introduced in [16]. Typically, we
set r = 2. The expressions for guens @Nd ( Lsic)uen, given respectively by Eqgs. (19) and (24), were
proposed in [18], [19], [20]. We de ne the \SUPG viscosity" supc as

sure = supakuk’: (25)

The space{time versions of suenis suenz:  suenas ( supa)uens ( pspa)uens aNd ( Lsic)uens Given re-
spectively by Eqgs. (17), (18), (19), (22), (23), and (24), were de ned in [18], [19], [20] as follows:

'y

b @N
SUGN12 — @ta +uh N, ; (26)
a=1
h2
SUGN3 — % ; (27)
1
1 1 r
( SUPG)UGN = r + r ; (28)
SUGN12 SUGN3
( PSPG)UGN = ( SUPG)UGN ; (29)
( LSIC)UGN = ( SUPG)UGN kuhk2 : (30)

Here, ng, is the number of nodes for the space{time element, and N, is the space{time interpolation
function associated with node a.

Remark 1: It was remarked in [16], [17], [19], [20] that in marching from time level n to n + 1,
there are advantages in calculating the s from the ow eld at time level n. That is

n; (31)

where is the stabilization parameter to be used in marching from time level n to n+1, and |, is the
stabilization parameter calculated from the ow eld at time level n. One of the main advantages in
doing that, as it was pointed out in [17], [19], [20], is avoiding another level of nonlinearity coming
from the way sare de ned. In general, we suggest making s less dependent on short-term variations
in the ow eld. For this purpose, we propose a recursive time-averaging approach in determining
the s to be used in marching from time level n to n + 1:

Zi n+t 2 1+ Q0 7 7)) (32)

where , and , ; are the stabilization parameters calculated from the ow eld at time levels n and
n 1, and the on the right-hand-side is the stabilization parameter that was used in marching from
time level n 1 to n. The magnitudes and the number of the \averaging parameters” z;, z,, ... can
be adjusted to create the desired outcome in terms of giving more weight to recently calculated s
or making the averaging closer to being a trailing average.



VI. DISCONTINUITY-CAPTURING DIRECTIONAL DISSIPATION (DCDD)

As an alternative to the LSIC stabilization, we proposed in [17], [4], [19], [20] the Discontinuity-
Capturing Directional Dissipation (DCDD) stabilization. In describing the DCDD stabilization, we
rst de ne the \DCDD viscosity" ,cpp and the DCDD stabilization parameter ,cpp:

DCDD — DCDDkuhkz; (33)
Nocoo K rku"k k Nocoo
= : 4
PepP 2ucha Uref ’ (3 )
where
Nocoo = Neen - (35)

Here u, is a reference velocity (such as ku'k at the in ow, or the di erence between the estimated
maximum and minimum values of ku"k), and ug, is a characteristic velocity (such as uy or ku'k).
We propose to set Ucha = Uret-

Then the DCDD stabilization is de ned as

s L
Socon = W [oeoof T cone] UM (36)
e=1
where core Was de ned in [17], [4], [19], [20] as
corr = pcoo(l 5)7sS (37)
As a possible alternative, we propose
corr = supc(l S)°rr: (38)

As two other possible alternatives, we propose

corr = SWItCh  gups 5 beon(r 5)2 SS ] (39)
corr = SWitCh  oeop ; sups(l ) IT; (40)

where the \switch" function is de ned as the \min" function:
switch( ; )=min( ; ) (41)

or as the \r-switch™ given in Section V :

1

1 1 r
—+ = :
r r

switch( ; )= (42)

Remark 2: Remark 1 applies also to the calculation of ,cpp.



VIl. CALCULATION OF THE STABILIZATION PARAMETERS FOR
COMPRESSIBLE FLOWS AND SHOCK-CAPTURING

The SUPG formulation for compressible ows was rst introduced, in the context of conservation
variables, in a 1982 NASA Technical Report [9] and a 1983 AIAA paper [10]. Here we will call
that formulation \(SUP G)g,". In this section, in the context of the (SUP G)g, formulation and
based on the ideas we discussed in Sections V and VI, we propose alternative ways of calculating the
stabilization parameters and de ning the shock-capturing terms. For this purpose, we rst de ne
the conservation variables vector as U = ( ; ujy; Up; us; €) (where e is the total energy per unit
volume), associate to it a test vector-function W, de ne the acoustic speed as c, and de ne the unit
vector j as

rh

:7krhk: (43)

i
As the rst alternative in computing suen: for each component of the test vector-function W, we
propose to de ne  sueni, Ysusn: @nd  Ssusn: (@ssociated with , u and e, respectively) by using
the expression given by Eq. (17):
|
= 1
— u — e — )(- h H .
SUGN1 — SUGN1 — SUGN1 — Ju rNaJ . (44)

a=1

As the second alternative, we propose to use the following de nition:

DG =1
SUGN1 = uSUGNl = eSUGNl = c jj rNaJ +juh rNaj : (45)

a=1
In computing susn2, We propose to use the expression given by Eq. (18):

t
= eSUGNZ = 7 : (46)

u
SUGN2

SUGN2

In computing suens, We propose to de ne Yguens DY using the expression given by Eq. (19):

h2
uSUGN3 = 4RGN (47)
We propose to de ne ®gugns aS
heren )’
®suans = ( 4RGeN) ; (48)

where € is the \kinematic viscosity" for the energy equation,
|
DG =1
h®ren = 2 jr* rNgj (49)

a=1

1

(50)
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and is the temperature. We de ne ( supc)uens ( supc)uen @Nd (& oc)uen DY using the \r-switch™
given in Section V :

1
1 1 r
= + : 51
Covrolvon = T * T oo D
1
1 1 1 r
Covrcduen = N ™ () (o)’ 2
1
1 1 1 r
e — + —+ . 53
Covreduan = 5 N o)+ oo (53)
In de ning the shock-capturing term, we rst de ne the \shock-capturing viscosity" g,oc:
sHoc — SHOC(uint)Z; (54)
where
h kr "kh
sHoc — SHOC SHOC ’ (55)
2LIcha ref
Pshoc = Nuen (56)
D "
Nyen = 2 i rNgj (57)
a=1

Here . is a reference density (such as " at the in ow, or the di erence between the estimated
maximum and minimum values of "), uga is @ characteristic velocity (such as u.s or ku"k or
acoustic speed c), and ujn is an intrinsic velocity (such as uga or ku"k or acoustic speed c). We
propose to set Uint = Ucha = Urer. The parameter in uences the smoothness of the shock-front.

We set = 1 for smoother shocks and = 2 for sharper shocks (in return for tolerating possible
overshoots and undershoots). As a compromise between the = 1and = 2 selections, we propose
the following averaged expression for ¢,oc :
1
sHoc — E ( SHOC) =1 +( SHOC) =2 : (58)

As an alternate way, we also propose to calculate .,oc by using the following expression:

< u > T
shoc = Y 1z Y 1@ Ras ) (59)
i=1 0x; 2
where Y is a diagonal scaling matrix constructed from the reference values of the components of U :
2 3
(U)ot 0 0 0 0
0 (U2) o 0 0 0
Y = 0 0 (Us) o 0 0 ; (60)
0 0 0 (Us) e 0
0 0 0 0 (Us) et
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@Uh h@Uh

Z = + A 1
OR
pun
o (62)
andwe set =1or = 2. Here
QF;

A= —; 63
where F; is the Euler ux vector corresponding to the ith spatial dimension. As a compromise
between the = 1and = 2 selections, we propose the following averaged expression for g, oc :

1
sHoC — é ( SHOC) =1 +( SHOC) =2 : (64)
We can also calculate a separate ¢,oc for each component of the test vector-function W :
— 1 l@U hSHOC . —_ e .
(SHOC)|_ Y ZI Y v y |_1,2,...nsd+2. (65)
i=1 exi 2
Given g,0c, the shock-capturing term is de ned as
3¢ Z
SSHOC = rWh: SHOC rUh d ; (66)
e=1 €
where  .oc IS de ned as
sHoc = smoc | : (67)
As a possible alternative, we propose
shoc = sroc J) - (68)

If the option given by Eq. 65 is exercised, then ¢,oc becomes an (ngg+2) (ngg+2) diagonal matrix,
and the matrix g,oc becomes augmented from an ngg Ngg Matrix to an (ngg (Nsg +2)) ((Nsg +
2) nNgg) Matrix.

In an attempt to preclude compounding, we propose to modify ¢,oc as follows:

SHOC SHOC SWitCh SUPG (j u)21 SUPG (Jj uJ C)Zl SHOC 1 (69)

where the \switch" function is de ned as the \min' function or as the \r-switch" given in Section V.
For viscous ows, the above modi cation would be made separately with each of ¢yps, & @nd
Sre» and this would result in ¢,0c becoming a diagonal matrix even if the option given by Eq. 65
IS not exercised.

Remark 3: Remark 1 applies also to the calculation of ¢ pe, &,.c and ¢ and suoc.

SUPG?
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VIilIl. MESH UPDATE METHODS

How the mesh should be updated depends on several factors, such as the complexity of the interface
and overall geometry, how unsteady the interface is, and how the starting mesh was generated. In
general, the mesh update could have two components: moving the mesh for as long as it is possible,
and full or partial remeshing (i.e., generating a new set of elements, and sometimes also a new set of
nodes) when the element distortion becomes too high. In mesh moving strategies, the only rule the
mesh motion needs to follow is that at the interface the normal velocity of the mesh has to match the
normal velocity of the uid. Beyond that, the mesh can be moved in any way desired, with the main
objective being to reduce the frequency of remeshing. In 3D simulations, if the remeshing requires
calling an automatic mesh generator, reducing the cost of automatic mesh generation becomes a
major incentive for trying to reduce the frequency of remeshing. Furthermore, when we remesh,
we need to project the solution from the old mesh to the new one. This introduces projection
errors. Also, in 3D, the computing time consumed by this projection step is not a trivial one. All
these factors constitute a strong motivation for designing mesh update strategies which minimize the
frequency of remeshing. In some cases where the changes in the shape of the computational domain
allow it, a special-purpose mesh moving method can be used in conjunction with a special-purpose
mesh generator. In such cases, simulations can be carried out without calling an automatic mesh
generator and without solving any additional equations to determine the motion of the mesh. One
of the earliest examples of that, 2D computation of sloshing in a laterally vibrating container, can
be found in [1]. Extension of that concept to 3D parallel computation of sloshing in a vertically
vibrating container can be found in [12].

In general, however, we use an automatic mesh moving scheme. In the automatic mesh moving
technique introduced in [24], the motion of the internal nodes is determined by solving the equations
of elasticity. As boundary condition, the motion of the nodes at the interfaces is speci ed to match
the normal velocity of the uid at the interface. Similar mesh moving techniques were used earlier by
other researchers (see for example [25]). In [24] the mesh deformation is dealt with selectively based
on the sizes of the elements and also the deformation modes in terms of shape and volume changes.
Mesh moving techniques with comparable features were later introduced in [26].

In the technique introduced in [24], selective treatment of the mesh deformation based on shape
and volume changes is attained by adjusting the relative values of the Lame constants of the elasticity
equations. The objective would be to sti en the mesh against shape changes more than we sti en it
against volume changes. Selective treatment based on element sizes, on the other hand, is attained
by altering the way we account for the Jacobian of the transformation from the element domain to
the physical domain. In this case, the objective is to sti en the smaller elements, which are typically
placed near solid surfaces, more than the larger ones.

The method described in [24] was recently augmented in [27], [28], [29] to a more extensive kind,
by introducing a sti ening power that determines the degree by which the smaller elements are
rendered sti er than the larger ones. When the sti ening power is 0.0, the method reduces back
to an elasticity model with no Jacobian-based sti ening. When it is 1.0, the method is identical to
the one introduced in [24]. In [27], [28], [29] we investigated the optimum values of the sti ening
power with the objective of reducing the deformation of the smaller elements. In that context, by
varying the sti ening power, we generated a family of mesh moving techniques, and tested those
techniques on uid meshes where the structure underwent three di erent types of prescribed motion
or deformation.

In the mesh moving technique introduced in [24], the structured layers of elements generated
around solid objects (to fully control the mesh resolution near solid objects and have more accurate
representation of the boundary layers) move \glued" to these solid objects, undergoing a rigid-body
motion. No equations are solved for the motion of the nodes in these layers, because these nodal
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motions are not governed by the equations of elasticity. This results in some cost reduction. But more
importantly, the user has full control of the mesh resolution in these layers. For early examples of
automatic mesh moving combined with structured layers of elements undergoing rigid-body motion
with solid objects, see [12]. Earlier examples of element layers undergoing rigid-body motion, in
combination with deforming structured meshes, can be found in [1].

In computation of ows with uid{solid interfaces where the solid is deforming, the motion of
the uid mesh near the interface cannot be represented by a rigid-body motion. Depending on the
deformation mode of the solid, we may have to use the automatic mesh moving technique described
above. Insuch cases, presence of very thin uid elements near the solid surface becomes a challenge for
the automatic mesh moving technique. In the Solid-Extension Mesh Moving Technique (SEMMT) [3],
[4], [5], [6], we proposed treating those very thin uid elements almost like an extension of the solid
elements. In the SEMMT, in solving the equations of elasticity governing the motion of the uid
nodes, we assign higher rigidity to these thin elements compared to the other uid elements. Two
ways of accomplishing this were proposed in [3], [4], [5], [6]; solving the elasticity equations for the
nodes connected to the thin elements separate from the elasticity equations for the other nodes, or
together. If we solve them separately, for the thin elements, as boundary conditions at the interface
with the other elements, we would use traction-free conditions. In [28], [29], we demonstrated how
the SEMMT functions as part of our mesh update method. We employed both of the SEMMT
options described above. In [28], [29], we referred to the separate solution option as \SEMMT {
Multiple Domain™ and the uni ed solution option as \SEMMT { Single Domain".

IX. FLUID{OBJECT INTERACTIONS SUBCOMPUTATION TECHNIQUE (FOIST)

The Fluid{Object Interactions Subcomputation Technique (FOIST), which was introduced in [2], is
an intermediate level approximation between treating the objects as point masses and using a fully
coupled uid{object interaction (FOI) formulation. We assume that the nature of the uid{object
interactions, such as the scales involved and ow patterns expected, allows us to take into account
only a one-way coupling between the main ow eld and the motion of the objects. In other words,
we assume that the main ow eld in uences the motion of the objects, but the presence and motion
of the objects do not in uence the main ow eld. With this assumption, the main ow eld can be
computed without taking into account any of the smaller-scale objects, and at the same time, the
dynamics of the objects can be determined by carrying out ow subcomputations over smaller-scale
domains around the objects. The boundary conditions for these domains would be extracted from
the main ow eld, at locations corresponding to the positions of those boundaries at that instant.

The main ow eld would be computed over a xed mesh. The subcomputation for each object
would be carried out over a xed mesh, and in a coordinate frame attached to that object. In
the subcomputations, we take into account the geometry of the objects, and determine the unsteady

ow eld around these objects together with the resulting uid dynamics forces and moments. These
forces and moments would be used, while taking into account the instantaneous values of the moments
of inertia, to compute the path and orientation of the objects.

Each subcomputation can be carried out as a two-way coupled uid{object interaction problem
without the need for mesh moving. This is because the coordinate frame is attached to the object,
and the coupling is implemented by updating the boundary conditions as a function of the orientation
of the object, rather than by updating the mesh.

Because the FOIST would typically not involve mesh moving or remeshing, by eliminating the
cost associated with those tasks, it would result in a major reduction in the computational cost. The
FOIST can be extended to cases where the main ow computation or a subcomputation may require
mesh update. This could happen for the main ow, for example, when it involves moving objects
that are too large to be handled with the assumptions underlying FOIST. For a subcomputation,
this could happen, for example, when the object is undergoing deformations.
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Here we also describe another level of approximation | one that is beyond FOIST, but still with
more realistic assumptions than those used in treating the objects as point masses. In this technique,
which was introduced in [2] and which we call \Beyond-FOIST" (B-FOIST), for each object with
a di erent shape, we would generate a database of uid dynamics force and moment coe cients.
This database would be generated from computations for a set of Reynolds numbers within a range
of interest and a set of \basis directions™ for the ow velocity. These would typically be unsteady

ow computations, but the force and moment coe cients would be determined based on temporal
averaging of the results.

With this database, the path and orientation of the objects would be calculated without ow
subcomputations. At each instant of the calculation of the path and orientation of an object, the
force and moment coe cients needed would be estimated by interpolation from the database of these
coe cients. The coe cients corresponding to the Reynolds number and ow velocity directions at
an instant would be calculated by a linear or higher-order interpolation with respect to the Reynolds
number, and by a directional interpolation with respect to the ow velocity direction. The directional
interpolation would use from the database the basis directions nearest to the direction of the ow
velocity.

How e ective B-FOIST would be for a given problem would depend on the balance between i) the
computational cost saved by not doing the ow subcomputations, and ii) the loss of some accuracy
and the increased cost associated with generating the database. For example, if the uid{object in-
teraction problem involves many objects with identical shapes, B-FOIST might prove quite e ective,
because the database generation would not involve objects with di erent shapes. In addition, if these
objects have one or more symmetry planes or axes, the cost of database generation would further
decrease, gaining additional incentive for B-FOIST.

The starting point for the basis directions for the ow velocity would be the six directions identi ed
by (1,0,0), (-1,0,0), (0,1,0), (0,-1,0), (0,0,1), and (0,0,-1). For the ow direction at an instant, the
directional interpolation would use the three nearest of these basis directions. We now provide more
explanation of how the interpolations would be carried out.

Let us assume that we have a database of computed forces fF g and moments fM g corresponding
to the parameter space ffU g fe gg, where =1;2;:::;n,, =1;2;:::;n,. Here fU;U?; ::g
denote the ny velocity magnitudes, and fey;e,;:::g denote the unit vectors in the n, ow directions.
We note that fF g does not need to be in the e direction. Given a ow velocity magnitude U and
direction s, we need to interpolate from our database the estimated force and moment F and M.
First, we nd within the parameter space ffU g fe gg the velocity magnitudes U- and UR nearest
to U (with the condition U~ U  UR), and the linearly independent unit vectors eq, es, and e+
\closest™ to s. The velocity magnitude interpolation parameters z- and z® can be determined from
the following expressions:

. _Ur U < _ U U-
UR UL’ UR Ut
In some cases, it might be desirable to upgrade the linear interpolation given by Eq. (70) to a

higher-order interpolation. The unit vector s can be written as

(70)

S = € Sg + 6sSs + e:S; : (71)

Here sg, Ss, and s; are the components of s, which can be determined by solving the following
equation system:

(er er)se+ (e eg)ss+ (e er)sy = e S;

(s €r)Se+(es €s)ss+(es er)sr = €5 S;

(er ep)se+(er es)ss+(er er)st er S: (72)
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The \closest™ unit vectors would be determined through a search process (with the condition s¢; Sg; S+
0). We interpolate the estimated force and moment F and M by using the following expressions:

F o= z"(seFp +ssFg +5cF5) + 27 (seFf + 5P +5.F7) (73)
M = z"(seMg + s Mg +s:MY) + 27 (SeME + SMS + s M) (74)

To increase the directional resolution of the database, additional basis directions can be de ned.
The rst set of additions would be (1,1,1), (-1,1,1), (1,-1,1), (1,1,-1), (-1,-1,1), (-1,1,-1), (1,-1,-1),
and (-1,-1,- 1). The second set of additional directions would be (1,1,0), (-1,1,0), (1,-1,0), (-1,-1,0),
(1,0,1), (-1,0,1), (1,0,-1), (-1,0,-1), (0,1,1), (0,-1,1), (0,1,-1), and (0,-1,-1). If an object has one or more
symmetry planes or axes, some of the basis directions become redundant and would be eliminated.

X. ENHANCED-DISCRETIZATION INTERFACE-CAPTURING TECHNIQUE
(EDICT)

In the EDICT (Enhanced-Discretization Interface-Capturing Technique) [22], [23], we start with the
basic approach of an interface-capturing technique such as the volume of uid (VOF) method [30].
The Navier-Stokes equations are solved over a non-moving mesh together with the time-dependent
advection equation governing the evolution of the interface function . In writing the stabilized

nite element formulation for the EDICT (see [23]), the notation we use here for representing the

nite-dimensional function spaces is very similar to the notation we used in the section where we
described the DSD/SST formulation. The trial function spaces corresponding to velocity, pressure
and interface function are denoted, respectively, by (SM)n, (SQ)n, and (S™,. The weighting function
spaces corresponding to the momentum equation, incompressibility constraint and time-dependent
advection equation are denoted by (V)n, (V{)n (= (S/)n), and (V"),. The subscript n in this case
allows us to use di erent spatial discretizations corresponding to di erent time levels.

The stabilized formulations of the ow and advection equations can be written as follows: given
uhand f, nd uf; 2 (SDn+1, Phes 2 (SP)n+1, @nd  fog 2 (SM)n+a, such that, 8wWh.; 2 (V{)n+1,
8qrr1]+1 2 (Vg)n+11 and 8 rr1]+1 2 (Vh)n+1:

Z ouh Z
Wi ﬁﬁLUh ru® " d + "(wphy): (M uMd
Z Z
Wh h"d +  go,r u'd
h
XZ 1
+ “[sops U PWDL + coperaf,y] L™uU") " d
Y
+ Lsicl WE+1 r ud =0; (75)
e=1 N
Z o h
2+1 ﬁ"’uh r n d
Z
+ > heeh O h — 0
u'r . H+u r d =0 (76)
e=1 N

Here s calculated by applying the de nition of 4. to Eq. (76).
To increase the accuracy, we use function spaces corresponding to enhanced discretization at and
near the interface. A subset of the elements in the base mesh, Mesh-1, are identi ed as those at
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and near the interface. A more re ned mesh, Mesh-2, is constructed by patching together second-
level meshes generated over each element in this subset. The interpolation functions for velocity and
pressure will all have two components each: one coming from Mesh-1 and the second one coming from
Mesh-2. To further increase the accuracy, we construct a third-level mesh, Mesh-3, for the interface
function only. The construction of Mesh-3 from Mesh-2 is very similar to the construction of Mesh-2
from Mesh-1. The interpolation functions for the interface function will have three components, each
coming from one of these three meshes. We re-de ne the subsets over which we build Mesh-2 and
Mesh-3 not every time step but with su cient frequency to keep the interface enveloped in. We need
to avoid this envelope being too wide or too narrow.

Xl. EXTENSIONS AND OFFSHOOTS OF EDICT

An o shoot of EDICT was rst reported in [31] for computation of compressible ows with shocks.
This extension is based on re-de ning the \interface™ to mean the shock front. In this approach, at
and near the shock fronts, we use enhanced discretization to increase the accuracy in representing
those shocks. Later, the EDICT was extended to computation of vortex ows. The results were rst
reported in [32], [33]. In this case, the de nition of the interface is extended to mean regions where
the vorticity magnitude is larger than a speci ed value.

Here we describe how we extend EDICT to computation of ow problems with boundary layers. In
this o shoot, the \interface" means solid surfaces with boundary layers. In 3D problems with complex
geometries and boundary layers, mesh generation poses a serious challenge. This is because accurate
resolution of the boundary layer requires elements that are very thin in the direction normal to the
solid surface. This needs to be accomplished without having a major increase in mesh re nement also
in the tangential directions or creating very distorted elements. Otherwise, we might be increasing the
computational cost excessively or decreasing the numerical accuracy unacceptably. In the Enhanced-
Discretization Mesh Re nement Technique (EDMRT) [3], [4], [5], [6], we propose two di erent ways
of using the EDICT concept to increase the mesh re nement in the boundary layers in a desirable
fashion. In the EDICT-Clustered-Mesh-2 approach [2], [3], [4], [5], [6], Mesh-2 is constructed by
patching together clusters of second-level meshes generated over each element of Mesh-1 designated
to be one of the \boundary layer elements”. Depending on the type of these boundary layer elements
in Mesh-1, Mesh-2 could be structured or unstructured, with hexahedral, tetrahedral or triangle-
based prismatic elements. In the EDICT-Layered-Mesh-2 approach [2], [3], [4], [5], [6], a thin but
multi-layered and more re ned Mesh-2 is \laid over" the solid surfaces. Depending on the geometric
complexity of the solid surfaces and depending on whether we prefer the same type elements as
those we used in Mesh-1, the elements in Mesh-2 could be hexahedral, tetrahedral or triangle-based
prismatic elements. The EDMRT, as an EDICT-based boundary layer mesh re nement strategy,
would allow us accomplish our objective without facing the implementational di culties associated
with elements having variable number of nodes.

In the Enhanced-Discretization Space{Time Technique (EDSTT) [3], [4], [34], [5], [6], we propose
to use enhanced time-discretization in the context of a space{time formulation. The motivation is to
have a exible way of carrying out time-accurate computations of uid{structure interactions where
we nd it necessary to use smaller time steps for the structural dynamics part. There would be two
ways of formulating EDSTT. In the EDSTT-Single-Mesh (EDSTT-SM) approach [3], [4], [34], [5],
[6], a single space{time mesh, unstructured both in space and time, would be used to enhance the
time-discretization in regions of the uid domain near the structure. This, in general, might require
a fully unstructured 4D mesh generation. In the EDSTT-Multi-Mesh (EDSTT-MM) approach [3],
[4], [34], [5], [6], multiple space{time meshes, all structured in time, would be used to enhance the
time-discretization in regions of the uid domain near the structure. In a way, this would be the
space{time version of the EDMRT. This approach would not require a fully unstructured 4D mesh
generation, and therefore would not pose a mesh generation di culty. In general, EDSTT can be






