ECCOMAS Computational Fluid Dynamics Conference 2001
Swansea, Wales, UK, 4-7 September 2001
¢ ECCOMAS

ADAPTIVE DETERMINATION OF THE FINITE ELEMENT
STABILIZATION PARAMETERS

Tayfun E. Tezduyar Y

YTeam for Advanced Flow Simulation and Modeling (TAFSM), Mebanical Engineering,
Rice University { MS 321, 6100 Main Street, Houston, TX 770Q3JSA, Email:
tezduyar@rice.edu, web page: http://www.mems.rice.edtézduyar/

Key words: SUPG stabilization, PSPG stabilization, Stabilization paemeters, Adaptive
determination, Advection-di usion equation, Navier-Stkes equations.

Abstract. We propose adaptive determination of the stabilization @ameters used in the
stabilized nite element methods such as the streamlinewind/Petrov-Galerkin (SUPG)
and pressure-stabilizing/Petrov-Galerkin (PSPG) formudtions. The parameters are cal-
culated based on the element-level matrices and vectors,icivhautomatically take into
account the local length scales, advection eld and the Reyts number. We describe how
we determine these parameters in the context of rst a timeegendent advection-di usion
equation and then the Navier-Stokes equations of unsteadgampressible ows.
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1 INTRODUCTION

Stabilized formulations played a major role in the past two écades in making the
nite element method a reliable and powerful approach in owsimulation and model-
ing. Among the most notable stabilized formulations are thetreamline-upwind/Petrov-
Galerkin (SUPG) formulation for incompressible ows (Bro&s and Hughes [1]), SUPG
formulation for compressible ows (Tezduyar and Hughes [R] Galerkin/least-squares
(GLS) formulation (Hughes et al. [3]), and pressure-stab#ding/Petrov-Galerkin (PSPG)
formulation for incompressible ows (Tezduyar [4]). Thesestabilization techniques pre-
vent numerical oscillations and other instabilities in saling problems with high Reynolds
and/or Mach numbers and shocks and strong boundary layerss avell as when using
equal-order interpolation functions for velocity and presure and other unknowns. The
SUPG, GLS and PSPG formulations stabilize the method withduintroducing excessive
numerical dissipation. Because its symptoms are not necasly qualitative, excessive
numerical dissipation is not always easy to detect. This coern makes it desirable to
seek and employ stabilized formulations developed with dajtives that include keeping
numerical dissipation to a minimum.

When the implementation of the SUPG, GLS or PSPG formulatios is based on a
sound understanding of these methods, they perform quite liveFurthermore, this class
of stabilized formulations substantially improve the congrgence rate in iterative solution
of the large, coupled nonlinear equation system that needs be solved at every time
step of a ow computation. Such nonlinear systems are typidlst solved with the Newton-
Raphson method, which involves, at its every iteration stepsolution of a large, coupled
linear equation system. It is in iterative solution of suchihear equation systems that
using a good stabilized method makes substantial di erende convergence, and this was
pointed out in Tezduyar et al. [5].

The SUPG formulation for incompressible ows was introducein Hughes and Brooks [6],
with detailed description of the formulation and numericalexamples given in Brooks and
Hughes [1]. The SUPG formulation for compressible ows wasst introduced, in the con-
text of conservation variables, in Tezduyar and Hughes [2After that, several SUPG-like
methods for compressible ows were developed. Taylor-Geten method (Donea [7]), for
example, is very similar, and under certain conditions is &htical, to one of the stabiliza-
tion methods introduced in Tezduyar and Hughes [2]. Anothezxample of the subsequent
SUPG-like methods for compressible ows in conservation mables is the streamline-
di usion method described in Johnson et al. [8]. Later, folwing Tezduyar and Hughes [2],
the SUPG formulation for compressible ows was recast in ertpy variables and supple-
mented with a shock-capturing term (Hughes et al. [9]). It wa shown in Le Beau and
Tezduyar [10] and Aliabadi et al. [11] that, the SUPG formultion introduced in Tez-
duyar and Hughes [2], when supplemented with a similar shoclapturing term, is very
comparable in accuracy to the one that was recast in entropyakiables. It was shown in
Le Beau et al. [12] for inviscid ows and in Aliabadi et al. [11for viscous ows that for
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2D test problems computed, the SUPG formulation in consertian and entropy variables
yield indistinguishable results. A recently introduced SBG formulation for compressible
ows in augmented conservation variables (Mittal and Tezdyar [13]) leads to a proper
incompressible ow formulation in the limit as the Mach numler is taken to zero.

In the SUPG, GLS and PSPG methods, selection of the stabiliian parameter, which
is almost universally known as "", has attracted a signi cant amount of attention and
research. This stabilization parameter involves a measurd the local length scale (also
known as "element length™) and other parameters such as thedal Reynolds and Courant
numbers. Selection of the "element length” also attractedtgention. Various "element
length"s and " "s were proposed starting with those in Brooks and Hughes [dhd Tezdu-
yar and Hughes [2] followed by the one introduced in Tezduyand Park [14], and those
proposed in the subsequently reported SUPG, GLS and PSPG rhetds. A number of
" "s, dependent upon spatial and temporal discretizations, @ve introduced and tested
in Tezduyar and Ganjoo [15]. More recently, ""s which are applicable to higher-order
elements were proposed by Franca et al. [16].

In this paper we describe how we adaptively determine the didization parameter " ".
The parameters we propose are calculated from the elemeet#| matrices and vectors,
and these automatically take into account the local lengthcales as well as the advection
eld and the element-level Reynolds number. In Section 2, wdescribe the calculation
of the stabilization parameter for a time-dependent adveixin-di usion equation, and in
Section 3 for the Navier-Stokes equations of unsteady incpmessible ows. Concluding
remarks are given in Section 4.

2 ADVECTION-DIFFUSION EQUATION

Let us consider over a domain with boundary the following time-dependent
advection-di usion equation:

@

—+urr rrr (rr )=0o0on ; 1

ot (rr ) ()
where represents the quantity being transported (e.g., temperate, concentration), u
is a divergence-free advection eld, and is the diusivity. The essential and natural

boundary conditions associated with Eq. (1) are representeas

=g on g (2)
n rr =h on y; 3)

whereg and h are given functions,n is the unit normal vector at the boundary, and 4
and  are the complementary subsets of . The initial condition casists of the form

(x;0)= o(x)on : (4)

Let us assume that we have constructed some suitably-de nerite-dimensional trial
solution and test function spaces" and V". The stabilized nite element formulation of

3
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Eg. (1) can then be written as follows: nd " 2 S" such that 8w" 2 vV ":

z h ! z
w' =—+u'rr M d+ rrw orr d
@t '
R Z h '
+ s UM rr wh @—+ ubre "rrrorr P d
i @t
= w'hd : (5)

Hereng, is the number of elements and € is the element domain corresponding to element
€ <upe IS the SUPG (stream|i'ge-upwind/Petrov-GaIerkin) stabilzation parameter.

Let us use the notationb :  .(:::)d : b, to denote the element-level trixo and
element-level vectorb, corresponding to the element-level integration term .(:::)d.
We now de ne the following element-level matrices and veats:

z h
m : Wh@—d Cmy; 6
N (6)
C: whurr Pd :Cy; 7)
Z e
k: rr wh rr Md ke (8)
Z e
R: ulrew uhrr "d o Ry (9)
VA h
. h h@_ . .
€: utrrw ot D O6y: (20)
We de ne the element-level Reynolds and Courant numbers aslibws:
hi,2
Re = KUK kek. (11)
kKk
t kck
Cry = > kmk’ (12)
t kkk
Cr = > kmk’ (13)
t kKk
CL - ? SUPG m; (14)

wherekbk is the norm of matrix b.

Remark 1 The Courant numbers de ned above can be used for determinithg time step
size of the computation.
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The components of element-matrix-based;,,; are de ned as follows:

kck

L o= K 15
kkk (15)
t kek

» = —— (16)
2 kek . k!

C
S3 = SlRe: @ Re: (17)

Remark 2 Becausee = c', for some de nitions of the matrix norm, kek = kck, and

therefore ¢, =

Remark 3 In the special case of a 1D problemg, = D = 7t and g = 22 ,
which are the popular limits for 4, for the advection- domlnated transient-dominated

and di usion-dominated cases, respectively.

Several di erent but similar ways have been used to constrtic i from its compo-
nents. We propose the form

SUPG = —_—t —+ — 1 (18)

which is based on the inverse ofg,; being de ned as ther-norm of the vector with
components—, — and —-. We note that the higher the integerr is, the sharper the
switching between 4, 5, and g, becomes.

Remark 4 It is conceivable that we calculate a separate for each element node, or
degree of freedom, or element equation. In that case, eachmgmnent of would be
calculated separately for each element node, or degree eéflom, or element equation. For
this, we rst represent an element matrixb in terms of its row vectors or row matrices:
by;by; by, . If we want a separate for each element node, thetb;b,;:::; by,
would be the row matrices corresponding to each element nodéh ney, = Ne,, Wherene,

is the number of element nodes. If we want a separatdor each degree of freedom, then
by;by; i by, , would be the row matrices corresponding to each degree ekfiom, with
Nex = Ngof, Wherenges is the number of degrees of freedom. If we want a separatéor
each element equation, theby; b,;:::; by, would be the row vectors corresponding to each
element equation, withne, = Nee, Where nge is the number of element equations. Based
on this, the components of would be calculated using the norms of these row matrices
or vectors, instead of the element matrices. For example, eparate s, for each element
node would be calculated by using the expression), = ::Elli a=1;2":Nen. We
should also note that in some special cases some of theseratese ways of computing
might give the same result.
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The components of the element-vector-based,.; are de ned as follows:

ke, k
o = (19)
kK, k
kc, k
Sv2 = —| 20
ke, k | (20)
Sv3 = Svi Re = kCV k Re (21)
kKR, k
With these three components,
o1
1 1 1 '
( SUPG )V = r + r + r (22)

Remark 5 The de nition of 4, given by EqQ. (22) can be seen as a nonlinear de nition
because it depends on the solution. However, in marchingnfrdime leveln to n + 1 the
element vectors can be evaluated at level This might be preferable in some cases, as it
spares us from ending up with a nonlinear semi-discrete edjoa system.

Remark 6 In some cases it might be desirable to have a dynamic switchbetween gy
and ( sues )y during the computation.

Remark 7 Both de nitions of ¢, are applicable to higher-order elements.

Remark 8 It was pointed out in [5], and it is now well-known, that the abilization

substantially improves the convergence in iterative salom of the linear equation system
that needs to be solved at each Newton-Raphson step of thetisol of the nonlinear

equation system encountered at each time step.

Remark 9 It is also well-known that using higher-order elements deges the conver-
gence in iterative solution of such linear equation systemi has been observed that [17]
using interpolation functions which are spatially discoimuous across element boundaries
improves the convergence for higher-order elements. Leayiaside the fact that such dis-
continuous methods come with substantial increases in camgtional cost which might
render the approach impractical in large-scale 3D computahs, it is our opinion that
this convergence improvement is due to breaking the glohaljntended approximation of
the lower-order functions by the higher-order functions. Aone uses higher- and higher-
order functions, the global approximation of the lower-oed functions by the higher-order
functions gets better, and the approximate and unintendeddar dependence of the lower-
order functions on the higher-order functions increases. e spatial discontinuity breaks
this global approximate linear dependence.
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Remark 10 In Eqg. (5), the SUPG stabilization term involves the residuaf the govern-
ing equation, which includes the second-order term (rr ™). For linear (triangular and
tetrahedral) elements this term vanishes. For bilinear (grilateral) and trilinear (hex-
ahedral) elements, this term vanishes for certain speciaé@metries (e.g. rectangles and
bricks), and is largely under-represented for more genergeometries. This steals away
from the consistency of the stabilized nite element formation as de ned by Eq. (5). If
one desires to remedy the situation, it is our opinion that th could be accomplished by
modifying the stabilized formulation given by Eq. (5) in sicca way that the terms rep-
resenting the discontinuity of the uxrr " across element boundaries (i.e. ux "jump"
terms) are included in the SUPG stabilization terms. It is &lo our opinion that the best
way to derive e ective stabilized formulations is to start ith the Galerkin formulation
of the problem, reverse integrate-by-parts to derive the ite-dimensional Euler-Lagrange
form of the equations, and consider including as a factor imé stabilization terms any of
the terms appearing in the Euler-Lagrange form (such as thewgrning partial di erential
equations and the ux jump terms as well as the di erence beten the natural boundary
condition and the ux at that boundary). The procedure is desibed in more detail in
Appendix I.

3 NAVIER-STOKES EQUATIONS OF INCOMPRESSIBLE FLOWS

We write the Navier-Stokes equations of incompressible @was

@
—+urr fyrrr =0 on 23
( e Uy ) (23)
rr u =0 on ; (24)
where is density (constant in this case)u is the velocity vector, f is the external force

and is the stress tensor:
(psu)= pl+T: (25)

Herep is the pressure] is the identity tensor, and

T =2"(u); (26)

where = is the viscosity, is the kinematic viscosity, and” is the strain-rate tensor:
" 1 Ty.

(u)= SCru)+¢ru)): (27)

The essential and natural boundary conditions associateditiv Eq. (23) are represented
as

c
1

gon g; (28)
n = hon (29)
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The initial condition on u is given as
u(x;0) = up(x); (30)

wherer ug =0.

Let us again assume that we have some suitably-de ned nitdimensional trial solution
and test function spaces for velocity and pressur&!, Vi, S} and V) = S/. The stabilized
nite element formulation of Egs. (23)-(24) can then be writen as follows: nd uM 2 Sh
and p" 2 S such that 8w" 2V} and " 2 V}:

z @|h Z
wh " uhrru” f od+ (w"): (phuM)d
z R Z 4
+ CIPI' u"d + —[ sure u rowh+ psp I qh]
ezll € #
" h h- h h f d
=+ r :
ot ulrr u" orr (p";uM)
Rel z
+ o whrr uhd
?1
= wh hhd : (31)

Here s IS the PSPG (pressure-stabilizing/Petrov-Galerkin) stablization parameter and
wsc 1S the LSIC (least-squares on incompressibility constrainstabilization parameter.
We now de ne the following element-level matrices and veats:

z
@Ih
m : wh =d Cmy; 32
, at (32)
c: wh (urr uM)d : Cy; (33)
Z e
k: *(why: 2™ (u")d : ky; (34)
Z
g: A« whp'd DOy (35)
z
g": q(r  u")d Lo (36)
Z e
R : Wwrrwh @WrruMd Ry (37)
z h
: h hn @ Do
€: Ze(u rewh) @td D6y (38)
~: W rr whrr p'd T~y (39)
z
@h
h @ .
rrq @td S (40)
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z
rr g (UM rr uMd SV (41)
‘z
rr g rr p'd - (42)
Z e
e: r whr uMd ey (43)

Remark 11 In the de nition of the element-level matrices listed aboyave assume that
uM appearing in the advective operator (i.e. iru" rr u" and u" rr w") is evaluated
at time leveln rather than n + 1. The de nition would essentially be the same if we,
alternatively, assumed that it is evaluated at time leval+ 1 but nonlinear iteration level

i rather than i + 1. Except, in the rst option, in the advective operator we us¢u™),,
whereas in the second option we uge")! ., . The second option can be seen as a nonlinear
de nition. The rst option might be preferable in some casesas it spares us from another
level of nonlinearity coming from the way is de ned. In the de nition of the element-
level-vectors, we face the same choices in terms of the eatiin of u" in the advective
operator.

Remark 12 We note thate=c" and~= .

The element-level Reynolds and Courant numbers are de nedhe¢ same way as they
were de ned before, as given by Eqgs. (11)-(14).

Remark 13 Remark 1 applies also in this case.

The components of the element-matrix-based,,,; are de ned the same way as they
were de ned before, as given by Egs. (15)-(17).

Remark 14 Remarks 2 and 3 also apply in this case.

surs IS constructed from its components the same way as it was ctmsted before,
as give by Eq. (18).

Remark 15 Remark 4 applies also in this case.
The components of the element-vector-based,; are de ned the same way as they
were de ned before, as given by Egs. (19)-(21). The constimn of ( gec )y IS also the

same as it was before, given by Eq. (22).

Remark 16 Remarks 5 - 7 apply also in this case.



Tayfun E. Tezduyar

The components of the element-matrix-based.s,; are de ned as follows:

kg"k
PL — %; (44)
__tkg'k,
=T 2kk (49)
kg'k
» = .Re= kg . Re: (46)
Remark 17 Remark 3 applies also in this case.
pspe IS CONstructed from its components as follows:
I
1 1 1 "
PSPG — T + e + S : (47)
P1 P2 P3
Remark 18 Remark 4 applies also in this case.
The components of the element-vector-baseds,; are de ned as follows:
VI —  PLs (48)
k  k
PV2  —  PVL K Zk; (49)
vz — PV1 Re: (50)
With these components,
I
1 1 1 r
( PSPG )v = r + ; + r . (51)
PV1 PV2 PV3
Remark 19 Remarks 5-7 apply also in this case.
The element-matrix-based . is de ned as follows:
kck
Lsic — @: (52)

Remark 20 In the special case of a 1D problem,sc = jujh=2.
Remark 21 Remark 4 applies also in this case.

We de ne the element-vector-based, . to be identical to the element-matrix-based

LsiC -

(scdv = isc: (53)

10
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Remark 22 Remark 7 applies also in this case.

Remark 23 Remarks 8-9 apply also to the Navier-Stokes equations ofadmpressible
OWS.

Remark 24 Remark 10 applies also to the stabilized formulation of theaier-Stokes
equations of incompressible ows. However it needs to be mted out that, for both the
advection-di usion and Navier-Stokes equations, undeepresentation of the second-order
termsrr - (rr ") andrr (2™'(uM) does not steal much from the consistency of the
stabilized nite element formulation at Reynolds numbersigh enough (i.e.Re >> 1) to
render these second-order terms negligible compared to Huvective term.

For the purpose of comparison with the stabilization paranters we used earlier, we
de ne here those stabilization parameters which are based @n earlier de nition of the
length scaleh [14]:

by

h Nen h .'
hoen =2 ku'k ju rr Ngj ; (54)
a=1
where N, is the interpolation function associated with nodea. The stabilization param-
eters are de ned as follows:

h
SUGNL  — ﬁ; (55)
t
sugN2  — ?; (56)
h2
SUGN3  — %; | (57)
[
1 1 1 2
( SUPG )UGN = > + > + > ; (58)
SUGN1 SUGN2 SUGN3
( PSPG )UGN = ( SUPG )UGN; (59)
h
( LSIC )UGN = %kuhk Z. (60)

Herez is given as follows:

R .
7= % Reyen 3

61
1 Rewen > 3; ( )

h
whereRe,y,, = KU Khuen

Comparisons between the performances of these earlier stiahtion parameters and
the ones proposed here can be found in [18]. These comparsssinow that, especially for
special element geometries, the performances are similar.

11
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As a potential alternative or complement to the LSIC (leassquares on incompressibil-
ity constraint) stabilization, we propose the Discontinuty-Capturing Directional Dissipa-
tion (DCDD) stabilization. In introducing the DCDD stabili zation, we rst de ne the
unit vectors sandr:

uh

S = m; (62)
rr kuhk
" T kr KUk K’ (63)
and the element-level matrices and vectors, K7, (c,),, and (K7),:
z
Cr wh (rrruM)d (c), (64)
Z e
K : (reew™)  (reruMd (K, (65)
Then the DCDD stabilization is de ned as
Rel z h i
Speop = seodl F WP rr o (r s)?ss rru” d ; (66)
e=1

where the element-matrix-based and element-vector-bas&LCDD viscosities are de ned
as:

ke k
oeop = UM 67
j ka (67)
( oebD )V - jr uh.k(cr)vk : (68)
k(K:), k
An approximate version of the expression given by Eq. (67) rnde written as
ocon = I uhjhﬂ; (69)
2
where
Nen ! 1
PNren = 2 jrrer Ngj : (70)
a=1
A di erent way of determining ,.pp Can be expressed as
DCDD = DCDD kuhk2| (71)
where
_ hDCDD krr kuhk K hDCDD (72)

PeeD T okU k kU k

12
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Here U represents a global velocity scale, ant,.,, can be calculated by using the
expression

ke, k

hDCDD = 2 | 73
KK (73)
or the approximation

Nocoo = Neen (74)

Combining Egs. (71) and (72), we obtain

|
_ 1 kuk ’ 2 i I -

o0 = 5 LUK (Ppeop ) krr ku"k k : (75)

4 CONCLUDING REMARKS

In this paper, we described adaptive ways of determining th&tabilization parameters
used in the stabilized nite element methods, particularlythe streamline-upwind/Petrov-
Galerkin (SUPG) and pressure-stabilizing/Petrov-Galerikn (PSPG) formulations. The
parameters we proposed are calculated from the elementdéwmatrices and vectors, with-
out separately calculating local length scales. Howevelhdse parameters automatically
take into account the local length scales, as well as the adt®n eld and the element-level
Reynolds number. We described these adaptive calculation$ the stabilization param-
eters for a time-dependent advection di usion equation anthe Navier-Stokes equations
of unsteady incompressible ows.
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Appendix |
INCLUSION OF THE FLUX JUMP TERMS IN
THE STABILIZED FORMULATION

We start with the Galerkin formulation of Eq. (1):
|

z h - z z
wh =—+uhrr M d+ rrw orr d w'hd =0 : (1.1)
@t h
Re-write the second term as follows:
z Rel Z
rrw" rr d = I wh o d (1.2)
e=1

13
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Then integrate-by-parts:

y y y
rrwh rr d = w'n rr "d whr  rr " d (1.3)
Furthermore:
Rel z Rel z z
w'n rr d = whn rr d + w'n rr "d ; (1.4)
=1 ° e=1 i h

where 3 is the interior boundary (interior faces) of the elemene. The rst term on the
right-hand-side can also be written as a sum over interior ¢as:

Rel £ Qi Z
w'n rr "d = whng e B4, orr 5od; (1.5)
e=1 i k=1 K

wherenj is the number of interior faces,  is the kth interior face, and the subscripts 1
and 2 refer to elements sharing that face (see Figure 1.1).

N1

/

Figure 1.1: The interior face.

G

Consequently, we can write:

Kel z @h ) Rel YA YA
wh' =—+u"rr "rrrorr Mod+ whad + W
e=1 € @t e=1 ﬁ h

"norr M hd;

(1.6)
whered = n; rr 9+ n, rr Jisthe ux jump term.
Based on Eq. (1.6), we modify the stabilized formulation gien by Eq. (5) as follows:
z @" ! z
wh =—+urr M d+ rrw orr "d

@t

14
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Rl £ h
swra UM rr wh %t+uhrr Nerr orr M d
e=1 €
Rel z
swa U rrw'Jd
?‘-1 if

swe U rr w'(n rr " hyd

whd : (1.7)

15
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